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In a recent paper Horst shows that if a classical solution to the Vlasov-Poisson 
system ceases to exist then at this point in time not only does velocity support 
become unbounded but support in position space becomes unbounded also (assum- 
ing compactly supported initial data). In the present paper we formulate this result 
another way and give a different proof. It is shown that an a priori bound on the 
support of solutions in position space leads to an a priori bound on the support in 
velocity space and hence existence and uniqueness of solutions. Thus a necessary 
and sufficient condition for solvability is that the system admit an a priori bound 
on the support in position space alone. This gives a refinement of Wollman 
(J. Math. Anal. Appl. 90 (1982) p. 141, Theorem 2.1). ( 1987 Academic PKSS, IX 
1. INTRODUCTION 
In a recent paper, [2], Horst makes a meaningful extension of the 
existence and uniqueness theory of the VlasovPoisson system. This system 
models either an electrostatic plasma or a gravitating system of particles. 
He shows that if a classical solution ceases to exist then at this point not 
only does the support in velocity space become infinite but the support in 
position space goes to infinity as well (assume compact supported initial 
data). The proof goes as follows: first one can show that if the integral 
I= x’fdx, 
I 
.f = distribution function 
remains bounded for a value of LY > 3, then the support in velocity space 
remains bounded also. Thus if the solution ceases to exist, i.e., velocity sup- 
port becomes unbounded, then so does the integral I. Since I < MR”, M 
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the total mass and R a bound on the support in position space, then I-+ co 
implies R + co. Hence the support in position space is unbounded. 
The purpose of the present paper is to formulate this result another way. 
We show that an a priori bound on the support in position space leads to 
an a priori bound on the support in velocity space and hence existence and 
uniqueness of solutions. Thus a necessary and sufficient condition for 
solvability is that the system admit an a priori bound on the support in 
position space alone. This then is a refinement of [3, Theorem 2.1, p. 1411. 
2. THE EQUATIONS AND THE GENERAL THEOREM 
The following notation will be used: 
R,-n-dimensional Euclidean space, phase space 
For a set A 
Ck(A)-the space of continuous bounded functions defined on A with 
k continuous, bounded, derivatives; 
C:(A)-the subset of Ck(A) containing functions with bounded sup- 
port in A. 
All other notation follows that used in [3]. 
The Vlasov-Poisson system under consideration is 
~+v~vxf+v,(-v,/=o, f (0) =“fo 
A#=41~j-fdu 
x=(x1, x2,x,), v=(v,, u2, v,) 
(2.la) 
(2.lb) 
A = c P/ax;. 
i= I 
By “classical solution” we will mean a function that is of class C’, satisfies 
(2.1), and which is integrable over phase space in such a way that conser- 
vation laws such as mass, momentum, and energy can hold [4]. The 
following theorem gives a necessary and sufficient condition for existence 
and uniqueness of the classical solution to (2.la) and (2.lb). 
THEOREM 2.1. Let foECh(R6). The solution to (2.la) and (2.lb) exists 
and is unique as an element of C’(R, x [0, T]) if and only if the system 
admits an a priori bound on the support in position space of C’ solutions for 
t E [0, T]. 
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Proof. It has been shown that a classical solution to (2.la) and (2.lb) is 
necessarily a function with bounded support in velocity space and hence 
bounded support in position space [3]. Thus the “only if’ part of this 
theorem is proved. 
We assume then an a priori bound on the support of solutions in 
position space, i.e., if f is a solution then 
suppfc ((4 “)I 1x16 Jq forO<t<T. 
Our goal is to compute an a priori bound on the support in velocity space. 
The characteristic system for (2.1 a) and (2.lb) is 
dx. 
-=v,, 
dt X,(O) = x0, 
dui &t~ 
dt=ig “i(O) = “0, 
(2.2b) 
A solution to (2.2a), (2.2b) is denoted 
x(t) = 4x0, “03 t), v(t) = “(X0, “0, t). 
We consider then a trajectory (x(t), u(t)) such that (x0, uo) c suppf, and 
let t E [0, T] be such that v(t) # 0. Assume for simplicity that v,(t) > 0 (the 
analogous argument, of course, holds for ui( t) < 0). By an assumption of 
continuity there exists a t’ < t such that vi( t’) = 0 or t’ = 0 and u,(i) b 0 for 
t’ < i< t. Thus on the interval [t’, t] the functions xi(t), u,(t) satisfy the 
following computation: 
dvi 84 dxj 
“‘dr=Gdt 
v;(t)-vf(t’)=2j;~(t)~di 
I 
u;(t),<“:(O)+2 
<u?(O)+2sup $- (x,(t)-xx,(t’)) 
I /I 
a4 < “f(0) + 2 sup -& L. 
I I 
(2.3) 
We have used the fact that dxJdi> 0 for t’ < i< t. 
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The following is defined for a solution f to (2.la) and (2.lb): 
Q(t) = suppf(x, U, t)-the support off in R, for each t. 
an= U1<TQ(f) 
P(x, u) = (C IuJ*)l’* 
g(T) = SUPQ(~) fT4 u) = su~~(~)~ to,rl W(xo, uoY t), Go, ool t)&a 
bound on the support off in velocity space for t E [0, r]. 
If A = sup,3 X [O, T] jfdu then it is known that 
a4 
RX x”?t T] aXj l-l < kA419, CL P. 311, 
and thus 
< c( g( T))4’3. 
Referring back to (2.3) 
u: (t) < L+(O) + 2c( g( T))“‘3 L 
and 
~v’(t)<~~:(O)+6c(g(T))~‘~ L. 
Since this inequality is satisfied for all (x0, uo) c suppf, and all t E [0, T] 
then 
nco;yg T, 1 u:(t) G 3R2 + Wg(T))4’3 ~2 
that is, 
g(T)* d 3R2 + 6c( g( T))4’3 L, 
R = a bound on the support of the initial data. 
A solution to this inequality is of the form 
g(T) < a( 1 + L)3’2, CI = a constant. 
This then is an a priori bound on the support of the solution in velocity 
space. The existence and uniqueness of the solution to (2.la) and (2.lb) of 
class C’(R, x [0, T]) follows from [3, Theorem 2.1, p. 1411. 
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